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Abstract
In this paper we study a two-variable p-adic q–l-function lp,q (s, t |χ) for Dirchlet’s character χ , with the property that
lp,q (−n, t |χ) = En,χn,q (pt) −
[2]q
[2]qp χn(p)[p]
n
qEn,χn,qp (t)
for positive integers n and t ∈ Cp with |t |p  1, and En,χn,q (x) generalized Euler polynomials. Finally, we prove that lp,q (s, t |χ)
is analytic in s and t for s ∈ Cp with |s|p < p1−
1
p−1 and t ∈ Cp with |t |p  1.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and preliminaries
Let p be a fixed odd prime number. Throughout this paper Zp , Qp , C and Cp denote, respectively, the ring of p-
adic rational integers, the field of p-adic rational numbers, the complex number field and the completion of algebraic
closure of Qp . The p-adic absolute value in Cp is normalized so that |p|p = 1p . When one talks of q-extension, q is
variously considered as an indeterminate, a complex q ∈ C, or a p-adic number q ∈ Cp . If q ∈ C, we assume that
|q| < 1. If q ∈ Cp , we assume that |q − 1|p < p−
1
p−1 so that qx = exp(x logq) for |x|p  1. We use the notations as
[x]q = 1 − q
x
1 − q and [x]−q =
1 − (−q)x
1 + q , cf. [8,9].
For a fixed positive integer d with (p, d) = 1, n ∈ N, set
X = Xd = lim←−n Z/dp
nZ, X1 = Zp,
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⋃
0<a<dp
(a,p)=1
(a + dpZp),
a + dpnZp =
{
x ∈ X ∣∣ x ≡ a (mod dpn)},
where a ∈ Z satisfies the condition 0 a < dpn.
Let UD(Zp) be the set of uniformly differentiable function on Zp . For f ∈ UD(Zp), the p-adic q-integral on Zp
is defined by
Iq(f ) =
∫
Zp
f (x) dμq(x) = lim
n→∞
1
[pn]q
pn−1∑
x=0
f (x)qx, cf. [4–6],
I−q(f ) =
∫
Zp
f (x) dμ−q(x) = lim
n→∞
1
[pn]−q
pn−1∑
x=0
f (x)(−q)x, see [14].
It is well known that the familiar Euler polynomials En(z) are defined by means of the following generating function:
F(x, t) = 2
et + 1e
zt =
∞∑
n=0
En(z)
tn
n! , see [6–10].
We note that, by substituting z = 0, En(0) = En are the familiar Euler numbers. Over five decades ago, Carlitz defined
q-extension of Euler numbers and polynomials, cf. [1–3]. In a recent [5] we defined the new q-extended Euler numbers
as follows:
E0,q = [2]q2 , (qE + 1)
n + En,q = 0 if n > 0, (1)
with the usual convention of replacing En by En,q . Note that limq→1 En,q = En, see [5]. Also, we defined the q-Euler
polynomials as
En,q(x) =
n∑
l=0
(
n
l
)
qxlEl,q [x]n−lq
= [2]q
(
1
1 − q
)n n∑
l=0
(
n
l
)
(−1)l q
xl
1 + ql . (2)
From (2) we note that
En,q = [2]q
(
1
1 − q
)n n∑
l=0
(
n
l
)
(−1)l 1
1 + ql ,
where
(
n
l
) = n(n−1)···(n−l+1)
l! . Let us consider the generating function of q-Euler polynomials as Fq(t, x) =∑∞
n=0 En,q(x) t
n
n! . Then we see that
Fq(t, x) =
∞∑
n=0
En,q(x)
tn
n! = [2]q
∞∑
n=0
(−1)ne[n+x]q t . (3)
Let χ be the Dirichlet’s character with conductor d (= odd) ∈ N. Then the generalized q-Euler numbers attached
to χ , En,χ,q , are defined by
Fχ,q(t) = [2]q
∞∑
n=0
χ(n)(−1)ne[n]q t =
∞∑
n=0
En,χ,q
tn
n! . (4)
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lim
q→1Fχ,q(t) =
2
∑d−1
a=0 χ(a)(−1)aeat
edt + 1 =
∞∑
n=0
En,χ
tn
n! ,
where En,χ are the generalized Euler numbers attached to χ , see [9–12]. Hence,
lim
q→1En,χ,q = En,χ .
From the simple calculation of (4), we easily derive the following equation:
En,χ,q = [d]nq
[2]q
[2]qd
d−1∑
a=0
χ(a)(−1)aEn,qd
(
a
d
)
. (5)
Now we consider the generalized q-Euler polynomials associated with χ as follows:
Fχ,q(x, t) =
∞∑
n=0
En,χ,q(x)
tn
n! = [2]q
∞∑
n=0
χ(n)(−1)ne[n+x]q t . (6)
From (6) we note that
Fχ,q(x, t) = [2]q
d−1∑
a=0
χ(a)(−1)a
∞∑
n=0
(−1)ne[a+x+nd]q t .
Hence, we have
En,χ,q(x) =
n∑
k=0
(
n
k
)
qkxEk,χ,q [x]n−kq .
Since [a + x + nd]q = [d]q [ a+xd + n]qd .
In this paper we give a two-variable p-adic q–l-function lp,q(s, t |χ) for Dirichlet’s character χ , with the property
that
lp,q(−n, t |χ) = En,χn,q(pt) −
[2]q
[2]qp χn(p)[p]
n
qEn,χn,qp (t),
for positive integer n and t ∈ Cp with |t |p  1, and En,χω−n(x) are generalized Euler polynomials. Finally we prove
that lp,q(s, t |χ) is analytic in s and t for s ∈ Cp with |s|p < p1−
1
p−1 and t ∈ Cp with |t |p  1.
2. Two-variable Dirichlet’s type Euler l-function
In this section we assume that q ∈ C with |q| < 1. Let g (= odd) be a positive integral multiple of d (= dx). Then
for each n ∈ Z+, we have
∞∑
n=0
En,χ,q(x)
tn
n! = [2]q
g−1∑
a=0
χ(a)(−1)a
∞∑
k=0
e[gk+a+x]q t (−1)k
= [2]q
g−1∑
a=0
χ(a)(−1)a
∞∑
k=0
(−1)ke[g]q [ x+ag +k]qg t
=
∞∑
n=0
(
[g]nq
[2]q
[2]qg
g−1∑
a=0
χ(a)(−1)aEn,qg
(
x + a
g
))
tn
n! .
Therefore we obtain the following lemma.
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En,χ,q(x) = [g]nq
[2]q
[2]qg
g−1∑
a=0
χ(a)(−1)aEn,qg
(
x + a
g
)
.
Note that the series on the right-hand side of (3) and (6) are uniformly convergent. Hence, we see that
Ek,q(x) = d
k
dtk
Fq(t, x)
∣∣∣
t=0 = [2]q
∞∑
n=0
(−1)n[n + x]kq
and
Ek,χ,q(x) = d
k
dtk
Fχ,q(t, x)
∣∣∣
t=0 = [2]q
∞∑
n=0
χ(n)(−1)n[n + x]kq, for k ∈ Z+. (7)
For s ∈ C, we consider Hurwitz’s type Euler q-zeta function as follows:
ζq,E(s, x) = [2]q
∞∑
n=0
(−1)k
[n + x]sq
, x ∈ R. (8)
Note that ζq(−n,x) = En,q(x) for n ∈ Z+. By Lemma 1, we can consider two-variable Dirichlet’s type Euler l-series
as follows: for s ∈ C,
lq,E(s, x|χ) = [2]q
∞∑
n=0
χ(n)(−1)n
[n + x]sq
. (9)
In [6], one-variable Euler q–l-series is defined as
lq,E(s,χ) = [2]q
∞∑
n=1
(−1)nχ(n)
[n]sq
, for s ∈ C.
Thus, we note that lq(s,0|χ) = lq(s,χ). For 0 < x  1, and s ∈ C, ζq,E(s, x) = ζE(s, x) if q → 1, where ζE(s, x) =
2
∑∞
n=0
(−1)n
(n+x)s is the Euler zeta function. It is easy to see that ζq,E(s, x) may be continued analytically to the whole
complex plane. By (8) and (9), we obtain the following proposition.
Proposition 2. For k ∈ Z+, x ∈ R with 0 x < 1, we have
lq,E(−k, x|χ) = En,χ,q(x).
Let χ be a Dirichlet’s character with conductor d (= odd) ∈ N and let n be an even natural number. Then we have
−Fχ,q(nd, t) + Fχ,q(0, t) =
∞∑
l=0
(
[2]q
nd−1∑
k=0
χ(k)(−1)k[k]lq
)
t l
l! .
Thus we note that
[2]q
nd−1∑
k=0
χ(k)(−1)k[k]lq = −El,χ,q(nd) + El,χ,q . (10)
From (8) and (9) we derive
lq,E(s, x|χ) = [2]q
∞∑ χ(n)(−1)n
[n + x]sq
= [2]q[2]qd
[d]−sq
d∑
χ(a)(−1)aζqd ,E
(
s,
a + x
d
)
. (11)n=0 a=1
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1
(s)
∞∫
0
Fχ,q(x,−t)t s−1 dt = lq,E(s, x|χ), for s ∈ C. (12)
Substituting s = −n into (12), we have
lq,E(−n,x|χ) = En,χ,q(x), for n ∈ Z+.
Let us consider a partial Euler q-zeta function as follows:
Hq,E(s, a,F ) =
∑
m≡a (modF)
m>0
(−1)m
[m]sq
=
∞∑
n=0
(−1)a+nF
[a + nF ]sq
= (−1)a
∞∑
n=0
(−1)n
[F ]sq [ aF + n]sqF
= (−1)a [F ]
−s
q
[2]qF
(
[2]qF
∞∑
n=0
(−1)n
[ a
F
+ n]s
qF
)
= [F ]
−s
q
[2]qF
(−1)aζqF ,E
(
s,
a
F
)
, (13)
where F (= odd) is positive integers with 0 < a < F . Let χ (= 1) be the Dirichlet’s character with conductor
F (= odd). Then we have
lq,E(s,χ) = [2]q
F∑
a=1
χ(a)Hq,E(s, a,F ), for s ∈ C. (14)
The function Hq,E(s, a,F ) is a holomorphic function in whole complex plane. For a ∈ Z+, we have
Hq,E(−n,a,F ) = (−1)a
[F ]nq
[2]qF
En,qF
(
a
F
)
. (15)
We now modify partial Euler q-zeta function as follows:
Hq,E(s, a,F ) = (−1)
a
[2]qF
[a]−sq
∞∑
j=0
(−s
j
)
qja
( [F ]q
[a]q
)j
Ej,qF , for s ∈ C. (16)
From (14) and (16), we note that
lq(s,χ) = [2]q[2]qF
F∑
a=1
(−1)aχ(a)[a]−sq
∞∑
j=0
(−s
j
)
qja
( [F ]q
[a]q
)j
Ej,qF , for s ∈ C. (17)
By (9) we see that lq(s, x|χ) is an analytic function for s ∈ C when χ = 1. Using (13) to define Hq,E(s, a + x,F ) for
all a ∈ Z with 0 < a < F , x ∈ R with 0 x < 1, we obtain
lq(s, x|χ) = [2]q
F∑
a=1
χ(a)Hq,E(s, a + x,F ). (18)
Let F (= odd) and a be positive integers with 0 < a < F . Then we have
lq(s, x|χ) = [2]q[2]qF
F∑
a=1
(−1)aχ(a)[a + x]−sq
∞∑
j=0
(−s
j
)
qj (a+x)
( [F ]q
[a + x]q
)j
Ej,qF . (19)
From (19) we note that lq(s, x|χ) is an analytic function for s ∈ C when χ = 1. Furthermore, for each n ∈ Z+, we
have
lq(−n,x|χ) = En,χ,q(x).
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series. Then their values at negative integers are given in terms of generalized q-Euler numbers and polynomials
attached to χ . We now evaluate lq,E(1, x|χ) and give some relation with q-Euler polynomials and numbers. By the
definition of lq,E(s, x|χ), we easily see that
lq,E(s, x|χ) = [2]q[2]qF
F∑
a=1
(−1)aχ(a)
{ [2]qF
2
[a + x]−sq + [a + x]−sq
∞∑
j=1
(−s
j
)
Ej,qF q
j (a+x)
( [F ]q
[a + x]q
)j}
.
From the Taylor expansion at s = 0, we note that
[a + x]−sq = 1 − s log[a + x]q + · · · .
Thus, we have
lq,E(0, x|χ) = [2]q2
F∑
a=1
(−1)aχ(a)
and
lq,E(1, x|χ) = [2]q[2]qF
F∑
a=1
(−1)a
[a + x]q
{ [2]qF
2
+
∞∑
j=1
(−1)jEj,qF qj (a+x)
( [F ]q
[a + x]q
)j}
.
In the case x = 0, we see that
lq,E(1,0|χ) = lq,E(1, χ) = [2]q[2]qF
F∑
a=1
{ [2]qF
2
+
∞∑
j=1
(−1)jEj,qF qja
( [F ]q
[a]q
)j}
.
3. p-Adic interpolating function for q-Euler numbers
We shall consider the p-adic analogues of two-variable Euler q–l-functions which are introduced in the previous
section. In this section we assume that q ∈ Cp with |1 − q|p < p−
1
p−1 so that qx = exp(x logq). Throughout this
section we assume that p is an odd prime. Let ω denote the Teichmüller character having conductor p. For an arbitrary
character χ , we define χn = χω−n where n ∈ Z, in the sense of the product of characters. Let 〈a〉 = 〈a : q〉 =
ω−1(a)[a]q = [a]qω(a) . Then 〈a〉 ≡ 1 (mod p1+
1
p−1 ). For our purpose, we extend this by defining
〈a + pt〉 = ω−1(a + pt)[a + pt]q = ω−1(a)[a]q + ω−1(a)qa[pt]q
≡ 1 (mod p1+ 1p−1 ), where t ∈ Cp with |t |p  1.
The p-adic logarithmic function, logp , is the unique function C∗p → Cp that satisfies
logp(1 + x) =
∞∑
n=1
(−1)n
n
xn, |x|p < 1,
logp(xy) = logp x + logp y, ∀x, y ∈ C∗p, and
logp p = 0.
Let
Aj(x) =
∞∑
j=0
an,j x
n, an,j ∈ Cp, j = 0,1,2, . . . ,
be a sequence of power series, each of which converges in a fixed subset D = {s ∈ Cp | |s|p  p1−
1
p−1 } of Cp such
that
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(2) for each s ∈ D and  > 0, there exists n0 = n0 (s, ) such that∣∣∣∣ ∑
nn0
an,j s
n
∣∣∣∣
p
< , for ∀j.
Then limj→∞ Aj(s) = A0(s) for all s ∈ D, see [11–13,15,16].
Let χ be the Dirichlet’s character with conductor d (= odd) and let F be a positive integral multiple of p and d .
Now we set
lp,q(s, t |χ) = [2]q[2]qF
F∑
a=1
pa
(−1)aχ(a)〈a + pt〉−s
∞∑
n=0
(−s
n
)
En,qF q
n(a+pt)
[
F
a + pt
]n
qa+pt
. (20)
Then lp,q(s, t |χ) is analytic for t ∈ Cp with |t |p  1, provided s ∈ D. For t ∈ Cp with |t |p  1, we have
∞∑
j=0
(
s
j
)
Ej,qF q
j (a+pt)
[
F
a + pt
]j
qa+pt
is analytic for s ∈ D. It readily follows that
〈a + pt〉s = ω−s(a)[a + pt]sq = 〈a〉s
∞∑
m=0
(
s
m
)(
qa[a]−1q [pt]q
)m
is analytic for t ∈ Cp with |t |p  1 when s ∈ D. Thus, we note that
lp,q(0, t |χ) = [2]q2
F∑
a=1
(−1)aχn(a).
We now let n ∈ Z+ and fix t ∈ Cp with |t |p  1. Then we see that
En,χn,q(pt) = [F ]nq
[2]q
[2]qF
F∑
a=0
χn(a)(−1)aEn,qF
(
a + pt
F
)
.
If χn(p) = 0, then (p, dχn) = 1, so that F/p is a multiple of dχn . Therefore we have
χn(p)[p]nqEn,χn,qp (t) = χn(p)[p]nq
{
[F/p]nqp
[2]qp
[2]qpF/p
F/p−1∑
a=0
χn(a)(−1)aEn,(qp)F/p
(
a + t
F/p
)}
= [F ]nq
[2]qp
[2]qF
F∑
a=0
p|a
χn(a)(−1)aEn,qF
(
a + pt
F
)
.
Thus, we note that
[2]q
[2]qp χn(p)[p]
n
qEn,χn,qp (t) =
[2]q
[2]qF
[F ]nq
F∑
a=0
p|a
χn(a)(−1)aEn,qF
(
a + pt
F
)
. (21)
The difference of these quantities yields
En,χn,q(pt) −
[2]q
[2]qp χn(p)[p]
n
qEn,χn,qp (t) =
[2]q
[2]qF
[F ]nq
F−1∑
a=0
pa
χn(a)(−1)aEn,qF
(
a + pt
F
)
. (22)
Using distribution for q-Euler polynomials, we easily see that
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(
a + pt
F
)
= [F ]−nq [a + pt]nq
n∑
k=0
(
n
k
)
q(a+pt)k
[
F
a + pt
]k
qa+pt
Ek,qF . (23)
Since χn(a) = χ(a)ω−n(a) and for (a,p) = 1, and t ∈ Cp with |t |p  1, we have
En,χn,q(pt) −
[2]q
[2]qp χn(p)[p]
n
qEn,χn,qp (t)
= [2]q[2]qF
F−1∑
a=0
χn(a)(−1)aEn,qF
(
a + pt
F
)
= [2]q[2]qF
F−1∑
a=0
pa
χn(a)〈a + pt〉n(−1)a
∞∑
k=0
(
n
k
)
q(a+pt)k
[
F
a + pt
]k
qa+pt
Ek,qF . (24)
From (20)–(24), we derive
En,χn,q(pt) −
[2]q
[2]qp χn(p)[p]
n
qEn,χn,qp (t) = lp,q(−n, t |χ).
Therefore we obtain the following theorem.
Theorem 3. Let F (= odd) be a positive integral multiple of p and d (= dχ), and let
lp,q(s, t |χ) = [2]q[2]qF
F∑
a=1
pa
χ(a)(−1)a〈a + pt〉−s
∞∑
m=0
(−s
m
)
q(a+pt)m
[
F
a + pt
]m
qa+pt
Em,qF .
Then lp,q(s, t |χ) is analytic for t ∈ Cp , |t |p  1, provided s ∈ D when χ = 1. Furthermore, for each n ∈ Z+, we have
lp,q(−n, t |χ) = En,χn,q(pt) −
[2]q
[2]qp χn(p)[p]
n
qEn,χn,qp (t).
Thus, lp,q(s,0|χ) = lp,q(s,χ) for all s ∈ D, where lp,q(s,χ) is p-adic Euler q–l-function, see [5].
We now generalize to two-variable p-adic Euler q–l-function, lp,q(s, t |χ), by modifying lp,q(s,χ) which is first
defined by the interpolating function
H(E)p,q (s, a,F ) =
(−1)a
[2]qF
〈a〉−s
∞∑
j=0
(−s
j
)
qja
( [F ]q
[a]q
)j
Ej,qF , for s ∈ Zp. (25)
From (25), we note that
H(E)p,q (−n,a,F ) =
(−1)a
[2]qF
〈a〉n
n∑
j=0
(
n
j
)
qja
( [F ]q
[a]q
)j
Ej,qF
= (−1)
a
[2]qF
ω−n(a)[F ]nqEn,qF
(
a
F
)
= ω−n(a)Hq,E(−n,a,F ), for n ∈ Z+.
By using the definition of H(E)p,q (s, a,F ), we can express lp,q(s, t |χ) for all a ∈ Z, (a,p) = 1, and t ∈ Cp with |t | 1
as follows:
lp,q(s, t |χ) =
F∑
a=1
χ(a)H(E)p,q (s, a + pt,F ). (26)pa
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|s|p  p1−
1
p−1 }. The value of ∂
∂s
lp,q(s, t |χ) is the coefficient of s in the expansion of lp,q(s, t |χ) at s = 0. Using the
Taylor expansion at s = 0, we see that
〈a + pt〉−s = 1 − s log〈a + pt〉 + · · · and
(−s
m
)
= (−1)
m
m
s + · · · .
By employing these expansion and some algebraic manipulations, we evaluate the derivative ∂
∂s
lp,q(0, t |χ). It follows
from the definition of lp,q(s, t |χ) that
lp,q(s, t |χ) = [2]q[2]qF
F∑
a=1
pa
χ(a)(−1)a〈a + pt〉−s
∞∑
m=0
(−s
m
)
q(a+pt)m
[
F
a + pt
]m
qa+pt
Em,qF .
Thus, we have
∂
∂s
lp,q(s, t |χ)
∣∣∣
s=0 =
[2]q
[2]qF
F∑
a=1
pa
χ(a)(−1)a
·
(
− log〈a + pt〉E0,qF +
∞∑
m=1
(−1)m
m
q(a+pt)m
[
F
a + pt
]m
qa+pt
Em,qF
)
.
Since ω(a) is a root of unity for (a,p) = 1, we have
logp〈a + pt〉 = logp(a + pt) + logp ω−1(a) = logp(a + pt).
Therefore we obtain the following theorem.
Theorem 4. Let χ be a primitive Dirichlet’s character with conductor d (= odd) ∈ N, and let F (= odd) be a positive
integral multiple of p and d . Then for any t ∈ Cp with |t |p  1, we have
∂
∂s
lp,q(0, t |χ) = [2]q[2]qF
F∑
a=1
pa
χ(a)(−1)a
∞∑
m=1
(−1)m
m
q(a+pt)m
( [F ]q
[a + pt]q
)m
Em,qF
− [2]q
2
F∑
a=1
pa
χ(a)(−1)a logp(a + pt).
4. Further remarks and observations
The q-Euler numbers can be represented by p-adic q-integral on Zp as follows:
En,q =
∫
Zp
[x]nqq−x dμ−q(x), En,χ,q(x) =
∫
X
q−yχ(y)[x + y]nq dμ−q(y). (27)
From (27), we can derive
lp,q(s, t |χ) =
∫
X∗
χ(x)〈x + t〉−sq−x dμ−q(x), for s ∈ Zp. (28)
When we take q = 1, Eqs. (27) and (28) seem to be interesting formulae.
A p-adic distribution μ on X is defined to be an additive map from the collection of compact open set in X to Qp .
Additivity means μ(
⋃n
k=1 uk) =
∑n
k=1 μ(uk), where n 1 and {u1, u2, . . . , un} is any collections of disjoint compact
open set in X. Indeed, each a + pnZp can be represented as the union of compact open subset in X as follows:
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p−1⋃
b=0
(
a + bpn + pn+1Zp
)
.
Every map μ from the collection of compact open sets in X to Qp for which
μ
(
a + pnZp
)= p
n−1∑
k=0
μ
(
a + bpn + pn+1Zp
)
holds whenever a + pnZp ⊂ X extends to a p-adic distribution on X. Let p be an odd prime and let k be a positive
integer. Now we define a map μk on the balls in Zp as
μk
(
a + pnZp
)= (−1)apnkfk
( {a}n
pn
)
,
where {a}n is the unique number in the set {0,1,2, . . . , pn − 1} such that {a}n ≡ a (mod pn). If a ∈ {0,1,2, . . . ,
pn − 1}, then
p−1∑
b=0
μk
(
a + bpn + pn+1Zp
)= p−1∑
b=0
(−1)a+bpnp(n+1)kfk
(
a + bpn
pn+1
)
= (−1)a
p−1∑
b=0
(−1)bp(n+1)kfk
(
a + bpn
pn+1
)
= (−1)apnk
{
pk
p−1∑
b=0
(−1)bfk
( a
pn
+ b
p
)}
.
From this, we note that μk is a distribution on Zp if and only if
fk(x) = pk
p−1∑
b=0
(−1)bfk
(
x + b
p
)
. (29)
Let μk be defined as
μk
(
a + pnZp
)= (−1)apnkEk
(
a
pn
)
.
By (29), we see that μk is a distribution on Zp . A p-adic distribution μ on X is called a p-adic measure on X if its
values on compact open subsets U ⊂ X are bounded: there exists some constant M such that |μ(U)|p M for all
compact open subsets U ⊂ X. It is easy to see that
μk
(
a + pnZp
)≡ (−1)aak (mod pn),
so, |μk|  M for some constant M . Hence, p-adic Euler distribution becomes a p-adic measure on Zp . By the
definition of p-adic Euler measure, we see that∫
Zp
dμk(x) =
∫
Zp
xk dμ−1(x) = Ek.
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